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Shift spaces

Definition

A shift space on Z¢ is a set of colorings Z¢ — A (“configurations™) defined by forbidden patterns F:

Xy = {x € A%": Yw € F, w does not appear in x}

Example: }':{-,I,I,I,I}
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Classifying shift spaces by computational expressive power

Definition

A shift space on Z% is a set of colorings Z¢ — A (“configurations”) defined by forbidden patterns F:
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Classifying shift spaces by computational expressive power

Definition

A shift space on Z% is a set of colorings Z¢ — A (“configurations”) defined by forbidden patterns F:

Xr= {x € A% : Yuw € F, w does not appear in x}

M/@p of séiff{cmb

ﬁm'fe tope

> focal: adjacenicy constraints
€ﬁ5ccﬁ|ﬁc > finite tope: finite F;
> €ffc:ﬁ|7c: :omyufaf:fy enumerable F.
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Classifying shift spaces by computational expressive power

-—' Definition 5

A shift space on Z% is a set of colorings Z¢ — A (“configurations”) defined by forbidden patterns F:

Xr= {x € A% : Vu € F, w does not appear in z}

-—{ Definition (Sofic space, ~ 1973)\\

A shift space is sofic if it can be defined as the cell-by-cell projection of a local space.

fz{. ,l,=,l,.} (W) =M, () =m(m)=

——
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Classifying shift spaces by computational expressive power

Definition

A shift space on Z% is a set of colorings Z¢ — A (“configurations”) defined by forbidden patterns F:

Xr= {x € A% : Yuw € F, w does not appear in x}

M/@p of séiff{cmb

> focal: abjacency constraints
--- > finite tope: finite F;
€ﬁ5cctx'|7c > Sofic: projection of focal;
> €ffc:ﬁ|7c: :omyufaf:fy enumerable F.
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Shift spaces on Z

Shift space X C AZ
Local/finite type
Sofic
Effective
Example
The sunny-side-up X C { |, }% is sofic.

Language L C A*

Local
Rational/regular
Comp. co-enumerable

3/14



Shift spaces on Z

Shift space X C AZ
Local/finite type
Sofic
Effective
Example
The sunny-side-up X C { |, }% is sofic.

Language L C A*

Local
Rational/regular
Comp. co-enumerable

3/14



Shift spaces on Z

Shift space X C A% Language L C A*

Local/finite type Local
Sofic Rational/regular
Effective Comp. co-enumerable

Example
The sunny-side-up X C { |, }% is sofic.

(

3/14



Shift spaces on Z

Shift space X C A% Language L C A*

Local/finite type Local
Sofic Rational/regular
Effective Comp. co-enumerable

Example
The sunny-side-up X C { |, }% is sofic.

(

Example
The space of all periods X, C {/ |, M} is not sofic.

3/14



Shift spaces on Z

Shift space X C A% Language L C A*

Local/finite type Local
Sofic Rational/regular
Effective Comp. co-enumerable

Example
The sunny-side-up X C { |, }% is sofic.

(

Example
The space of all periods X, C {/ |, M} is not sofic.

3/14



Shift spaces on Z

Shift space X C A% Language L C A*

Local/finite type Local
Sofic Rational/regular
Effective Comp. co-enumerable

Example
The sunny-side-up X C { |, }% is sofic.

(

Example
The space of all periods X, C {/ |, M} is not sofic.

3/14



Shift spaces on Z

Shift space X C A% Language L C A*

Local/finite type Local
Sofic Rational/regular
Effective Comp. co-enumerable

Example
The sunny-side-up X C { |, }% is sofic.

(

The space of all periods X, C {/ |, M} is not sofic.

Example

3/14



Shift spaces on Z

Shift space X C AZ

Local/finite type
Sofic
Effective

Example
The sunny-side-up X C { |, }% is sofic.

(

Language L C A*

Local
Rational/regular
Comp. co-enumerable

Example
The space of all periods X, C {/ |, M} is not sofic.

3/14



Shift spaces on Z

Shift space X C A% Language L C A*

Local/finite type Local
Sofic Rational/regular
Effective Comp. co-enumerable

Example
The sunny-side-up X C { |, }% is sofic.

(

The space of all periods X, C {/ |, M} is not sofic.

Example

L={ "m ":necN}
is not regular.

3/14



Shift spaces on Z

Shift space X C A% Language L C A*

Local/finite type Local
Sofic Rational/regular
Effective Comp. co-enumerable

Example
The sunny-side-up X C { |, }% is sofic.

(

The space of all periods X, C {/ |, M} is not sofic.

Example

L={ "m ":necN}
is not regular.

Lemma (Myhill-Nerode)

A shift space X C A” is sofic if and only if it defines finitely many extender sets (i.e. “contexts”).
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Soficity of shift spaces on Z?: information bounds

Example

The mirror shift space is not sofic on Z? for any d € N:

(folklore)
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Soficity of shift spaces on Z?: information bounds

Example
The mirror shift space is not sofic on Z? for any d € N:

Pattern O(n?);

|

O
Border O(n?1); ‘. (folklore)

O

||
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Soficity of shift spaces on Z?: information bounds

Example
The mirror shift space is not sofic on Z? for any d € N:

Pattern O(nf);

Border O(n41); (folklore)
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Soficity of shift spaces on Z?: information bounds

Example
The mirror shift space is not sofic on Z? for any d € N:

Pattern O(nf);
Border O(n¢1);

And el = bl

(folklore)
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Soficity of shift spaces on Z?: information bounds

Example
The mirror shift space is not sofic on Z? for any d € N:

Pattern O(n?)

Border O(n?71); (folklore)
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Soficity of shift spaces on Z?: information bounds

Example
The mirror shift space is not sofic on Z? for any d € N:

l---——
|
{ |
|||
[ |
| |
[ |
Pattern O’ 4
attern O(n®);
Border 0(75’1*1))' 1 (folklore)
’ [ |
||
||
m
|
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)| |
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Soficity of shift spaces on Z?: information bounds

Example

The mirror shift space is not sofic on Z? for any d € N:

Pattern O(n?)

Border O(n?71); (folklore)

Intuition

Patterns of domain [n]? in a sofic shift can only exchange O(n?!) bits with their exterior.
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Soficity of shift spaces on Z?: examples

» Substitutive shifts;
[Mozes, 1089]

7 =

O
w
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Soficity of shift spaces on Z?: examples

» Substitutive shifts; > Seas of squares (of I1? sizes); » Extensions of effective Z shifts;
[Mozes, 1989] [Westrick, 2017] [Hochman, ... 2009+]

Fact

All these shifts can be proved sofic on Z? (d > 2) using the fixed point construction.
[Durand, Romashchenko & Shen, 2008+]
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Sofic realization of s-adic limit spaces by self-simulation



Substitutions

Definition

Given two alphabets A, B3, and a zoom N € N, a simulation
is an injective map

S: ANl 3 B,

A simulation S induces a relation between configurations:
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Substitutions

Definition
Given two alphabets A, 3, and a zoom N € N, a simulation
is an injective map

S: ANl 3 B,

A simulation S induces a relation between configurations:
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Substitutions

Definition

Given two alphabets A, 3, and a zoom N € N, a simulation
is an injective map

S: ANl 3 B,
-

' -

A simulation S i 9 ~u configurations:

The inverse of
a substitution...
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Main statement

Definition

Forasetof colors C' C {0,1}*,a Wang tileissomet € C?4+1:

a

A set of tiles T C C?%*! defines a local shift space X

Definition

Given two alphabets A, B, and a zoom N € N, a simulation
is an injective map

S: AN 3 B,
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Main statement

Forasetof colors C' C {0, 1}*,a Wangtileissome t € C24+1:

A set of tiles T C C?%*! defines a local shift space X

Definition

.I' is an injective map

Given two alphabets A, B, and a zoom N € N, a simulation

S: AN =z .

—| Theorem S

Let (Xr,)sen be a sequence of tiling spaces on colors (C) ey and
d
Sy Te[[Nl]] 3T

be simulations between T, and T} ;. Denote L, = Hf;é N,. If:

(i) All colors ¢ € G, are of size O(L§") for some aw < d — 1;

(ii) The simulations S, are computable in time O(Lf");
(iii) N, € [2,2°29] for some § < 415

then p S, S, S,
{$ € A 1T = x0®—> avl@—) x2®—>
-+ ‘[A V[A
% Z 3

is a sofic shift.
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Main statement

Definition
A sequence of substitutions (7,) ey (wWith7,: A, = AEN’Zﬂd) defines an
S-adic limit space

! T2

{zGAZ zfz0<—x1<—x2<—

a sequence of tiling spaces on colors (C;) oy and

d
Sy Te[[Nl]] 3T

An S-adic space...
tween T, and T, . Denote L, = Hl LN, If:

1s ¢ € Cy,, are of size O(Ly) for some a < d — 1

The simulations S, are computable in time O(L);

2,20(L: ]]forsome6<d 8

(iii)

then p S, S, S,
{ze T, T =Tg Ty —> Ty — .

S N S‘[A le*

is a sofic shift. 3 2 2
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Main statement

Definition
A sequence of substitutions (7,) ey (wWith7,: A, = AEN’Zﬂd) defines an
S-adic limit space

74 To ! T3
zeAY iz =z ¢z — 1z ...

-1
tween T, and T,,;. Denote L, = [[._ N;. If:
1s ¢ € Cy,, are of size O(Ly) for some a < d — 1 Q

The simulations S, are computable in time O(L);

(iii) 2,209 for some § < %1;
then Su s, s,
{a:eXTO T =Ty > T — Ty — ...
Q\wl\ @\[‘ 611;
is a sofic shift. 3 > 3

Soficity: information
o(N971) in cubes [N]¢
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Example 1: seas of squares

<—{ Theorem

Let X7, be a sequence of tiling spaces on colors (Cy)yey and

N
Sy TN 31,

be simulations between X7, and Xy, . Denote L, = [["_) N;. If:

(i) All colors ¢ € Gy, are of size O(Lg) for some a < d —1;
(i) The simulations S, are computable in time O(L{");
(i#i) N, € [2,2%] for some § < 4513
then s s .
. L O
s

+

is a sofic shift.

Seas of squares: [Westrick, 2017]

For S C NaIlI{-computable set, X draws
independent M squares of sizes in S over a
background.
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<—{ Theorem i

.
Example 2: density Tt X7, be a sequence o lingspaces o colos (€ and
Sp: TN 37,

be simulations between X7, and Xy, . Denote L, = [["_) N;. If:

(i) All colors ¢ € Gy, are of size O(Lg) for some o < d — 1;
(i1) The simulations S, are computable in time O(Lg);

(i#i) N, € [2,2%] for some § < 4513

then & @& &
{z €Xp i T=Tg Ty — Ty — .
# b
is a sofic shift. g 7 K
- - u u -
H - g
=I s " - - . s - " - .
. . ] Density shifts: [Destombes, 2021]
-
sEERsEE He EEEEEIE-aEEERTE X Xc{m, }Zd effective such that patterns
; q .
H i '. . i g of domain [n] contain O(n®) M symbols
. = e for some a < d — 1.
- - -
- " - x
. B "
- -
" n "an u "
- - o
1 - " - "
- - - o
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Example 2: density

[(0,29), (1,15), (5,29),
(5,31), (6,4), (6,26),
(10,25), (11,25), (11,28),
(12,6), (14,3), (17,0),
(18,12), (18,28), (21,27,
(23,2), (24,5), (24,23),
(25,18), (26,6), (27,25),
(28,20), (30,10), (30,16),
(30,19), (31,6), (32,30)1*

-‘—' Theorem 3

Let X7, be a sequence of tiling spaces on colors (Cy)yey and
i
Sy TN 31,

be simulations between X7, and Xy, . Denote L, = Hf;{: N, If:
(i) All colors ¢ € Gy, are of size O(L¢') for some or < d — 1;
(ii) The simulations S, are computable in time O(Lj");

(i#i) N, € [2,2%] for some § < 4513

then .

Sy S,

{z €Xp iz =&o T Ty e
& - S5
2 5 4

is a sofic shift. & <

* Check M positions against an enumeration of F.

Density shifts: [Destombes, 2021]

Xc{m, }Zd effective such that patterns
of domain [n]¢ contain O(n®) M symbols
for some v < d — 1.

For a pattern of domain [n]%:
colors of size O(n®).
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Example 2: density

‘—' Theorem 3

Let X7, be a sequence of tiling spaces on colors (Cy)yey and
i
Sy TN 31,

be simulations between X7, and Xy, . Denote L, = Hf;{: N, If:
(i) All colors ¢ € Gy, are of size O(L¢') for some or < d — 1;
(ii) The simulations S, are computable in time O(Lj");

(i#i) N, € [2,2%] for some § < 4513

then & & &
{z €Xp iz =\\qu — & —»zlz — ..
2 4

is a sofic shift. 7

u . .~
-
n
n |
s " [(0,29), (1,15), (5,29),
(5,31), (6,4), (6,26),
(10,25), (11,25), (11,28),
u " - Sk (12,6), (14,3), (17,0),
3| i |(8,12), (18,28), (21,27,
. (23,2), (24,5), (24,23),
- "= (25,18), (26,6), (27,25),
i (28,20), (30,10, (30,16),
(30,19), (31,6), (32,30)1*
m nn
o
|
n
- ui i -
- - - -
= .
HER B msz H S isisa, s
B -
H B
" - - - "
i . u L] L] n =I
B
o, = . SEEiEd
B o B
" - . - "
B H
B B
o B - H B
B B H
B B
1 B sssaaa s
L -

* Check M positions against an enumeration of F.

Density shifts: [Destombes, 2021]

Xc{m, }Zd effective such that patterns
of domain [n]¢ contain O(n®) M symbols
for some v < d — 1.

For a pattern of domain [n]%:
colors of size O(n®).
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Example 3: periodic extensions

-‘—' Theorem 3

Let X7, be a sequence of tiling spaces on colors (Cy)yey and
i
SpTf 31,

be simulations between X7, and Xy, . Denote L, = Hf;é N, If:
(i) All colors ¢ € Gy, are of size O(L¢') for some or < d — 1;
(ii) The simulations S, are computable in time O(Lj");

(i#i) N, € [2,2%] for some § < 4513

then s S S
{.z €Xp iz =&o T Ty e
mOSE S

Y S

is a sofic shift. g <

Periodic extensions: [DRS, 2010]

. d .
Given X C A% effective, the
. . 7+ .
configurations of A’ repeating some
facet z € X vertically.
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Example 3: periodic extensions

Sk

T+ 2modn

¥ Tmodn

/ Tmodn N

Tmodn

T Tmodn

-‘—' Theorem 3

Let X7, be a sequence of tiling spaces on colors (Cy)yey and
i
Sy TN 31,

be simulations between X7, and Xy, . Denote L, = Hf;{: N, If:
(i) All colors ¢ € Gy, are of size O(L¢') for some or < d — 1;
(ii) The simulations S, are computable in time O(Lj");

(i#i) N, € [2,2%] for some § < 4513

then 5 @& &
{zeXTD FT =g Ty Ty e
O S
. S 5 2
is a sofic shift. & <

* Check middle patterns against an enumeration of F.

Periodic extensions: [DRS, 2010]

. d .
Given X C A% effective, the
. . 7+ .
configurations of A’ repeating some
facet z € X vertically.

For a pattern of domain [n]%:
colors of size O(logn).

10/14



Proof outline

The fixpoint construction:

Define a sequence of tilesets (7)), as follows:
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Proof outline

The fixpoint construction:

Define a sequence of tilesets (7)), as follows:

1. Encode the position of each tile in a block [N,]¢

(i,9)

(i,j+1)

(i,9)

(i+1,7)
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Proof outline

The fixpoint construction:
Define a sequence of tilesets (7)), as follows:
1. Encode the position of each tile in a block [N,]¢

2. Some border tiles contain a bit b € {0, 1}: their
concatenation forms a macro-color ¢ € {0,1}*;

Ifi=N,—1landj~N,/2:

b
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Proof outline

ﬂ CPU ‘ CPU ‘ ‘ CPU ‘ CPU
E CPU CPU CPU E
E CPU CPU CPU E
E CPU CPU CPU E
J‘ CPU ‘ ‘ CPU ‘ CPU ‘ ‘ CPU

The fixpoint construction:
Define a sequence of tilesets (7)), as follows:
1. Encode the position of each tile in a block [N,]¢

2. Some border tiles contain a bit b € {0, 1}: their
concatenation forms a macro-color ¢ € {0,1}*;

3. Embed computations to “program” T, ;

role: check that a tuple of macro-colors emulates a tile of T}, |
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Proof outline

CPU k CPU qﬁpiﬁr CPU r CPU
Define a sequence of tilesets (7)), as follows:
|- CPU |-| CPlU—I—"- CPU |- CPU 1. Encode the position of each tile in a block [N,]¢

The fixpoint construction:

s 4
H
H

2. Some border tiles contain a bit b € {0, 1}: their
concatenation forms a macro-color ¢ € {0,1}*;

IL
4
Ly

|_ . 3. Embed computations to “program” T, ;
role: check that a tuple of macro-colors emulates a tile of T}, |

=
: g
L

L

|' CPU,

g

[@)

e

i
@'E@
=N c
:I_I__L
Jizce: 5oci
= e
H K
:I_L_L
azazz ez rzcas g

aQ O O
el Ll g I—I g I—I
= = c

s b=
s i
0
el
c
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Proof outline

PU k CPU qﬁpiﬁr CPU r CPU
Define a sequence of tilesets (7)), as follows:
CPU |-| CPlU—I—"- CPU |- CPU 1. Encode the position of each tile in a block [N,]¢

2. Some border tiles contain a bit b € {0, 1}: their
CPU CP.U_l—"-
1

concatenation forms a macro-color ¢ € {0,1}*;
3 By
T

CPU

Q

The fixpoint construction:

’ B
|
H

|

O

g

&
A—

IL
4
Ly

|_ . 3. Embed computations to “program” T, ;

Q

v

&
——

role: check that a tuple of macro-colors emulates a tile of T}, |

. The programming of T}, is required to build 7}:
solve this dependency by a fixed point argument!

’ L}
4
L

r B This only works if computations have enough room to

@)

lac]

c
——

terminate properly...

L

g

g HE
]
T
= i
e
e i
2]
(& ]
i
—
@] OI_IOI_I
o<} o=} 9
£ & :
o
s i
B
&
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Proof outline (more details)

New simulation hierarchy:

Assume we are given some level £:

Level £ Level B
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Proof outline (more details)

/ New simulation hierarchy:

/ Assume we are given some level £:

1. Each T} -tile is involved in many macro-tiles
(levels b < j < B for some b > /);

NN N N\

PEAREE RSN
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Proof outline (more details)

/ New simulation hierarchy:

//
A % / Assume we are given some level £:
/| 1. Each T-tile is involved in many macro-tiles
4 ’ ty
4 L (levels b < j < B for some b > /);
q 4 2. Tiles in T, “pick” the next level of simulation ¢/
// LA (such that b < ¢’ < B);
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Proof outline (more details)

/ New simulation hierarchy:

/ Assume we are given some level £:

1. Each T} -tile is involved in many macro-tiles
(levels b < j < B for some b > /);

2. Tiles in T, “pick” the next level of simulation ¢/
(such that b < ¢’ < B);

3. Macro-tiles resp. embed the simulation steps S;
(forb < j < B).

This only works if computations have enough room to

NN NN\

N AN N

terminate properly...

NN\

Level £ Level b Level ¢/ Level B

12/14



Drawing computation embeddings

Question

How many computation steps can one embed in a cube [N]4?

Proposition (Cube wiring theorem)

An [N]*?
array of integers
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Drawing computation embeddings

Question

How many computation steps can one embed in a cube [N]¢?

Proposition (Cube wiring theorem)

An [N]*? Sorted array
array of integers of integers

For any [N]¢"! array, there exists a wiring of depth
Nand O(1) crossings sorting the cube.

Proof sketch [Thompson-Kung, 1976].

Sort rows (alternating order) and columns log N times:

47 46 65 56 12 66 41 49 61 2
57,60 5519 52 13 89 17 94 97
42/91/85/74 10 4 1177 44 67
82/73/18/86 20 87 23 38 90 0
78 1354329 7 378414 5
7639 54 2221 9 15/48/51 26
79724096 6 2475 3 2780
58 31 45 98/50 25 8359 68 53
7028 69 3364 8 933299 16
30889236 63 71 34 81 95 62
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Proposition (Cube wiring theorem)

An [N]*? Sorted array
array of integers of integers

For any [N]¢"! array, there exists a wiring of depth
Nand O(1) crossings sorting the cube.
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47 46 65 56 12 66 41 49 61 2
57,60 5519 52 13 89 17 94 97
42/91/85/74 10 4 1177 44 67
82/73/18/86 20 87 23 38 90 0
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Drawing computation embeddings

Question

How many computation steps can one embed in a cube [N]¢?

Proposition (Cube wiring theorem)

An [N]*? Sorted array
array of integers of integers

For any [N]¢"! array, there exists a wiring of depth
Nand O(1) crossings sorting the cube.

Proof sketch [Thompson-Kung, 1976].

Sort rows (alternating order) and columns log N times:

2 12 41 46 47 49 56 61 65 66
57,60 5519 52 13 89 17 94 97
42/91/85/74 10 4 1177 44 67
82/73/18/86 20 87 23 38 90 0
78 1354329 7 378414 5
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Question

How many computation steps can one embed in a cube [N]¢?

Proposition (Cube wiring theorem)

An [N]*? Sorted array
array of integers of integers

For any [N]¢"! array, there exists a wiring of depth
Nand O(1) crossings sorting the cube.

Proof sketch [Thompson-Kung, 1976].

Sort rows (alternating order) and columns log N times:

2 1241 46 47 49 56 61 65 66
57 60 55 19 52 13 89 17 94 97
42/91/85/74 10 4 1177 44 67
82/73/18/86 20 87 23 38 90 0
78 1354329 7 378414 5
7639 54 2221 9 15/48/51 26
79724096 6 2475 3 2780
58 31 45 98/50 25 8359 68 53
7028 69 3364 8 933299 16
30889236 63 71 34 81 95 62
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Drawing computation embeddings

Question

How many computation steps can one embed in a cube [N]¢?

Proposition (Cube wiring theorem)

An [N]*? Sorted array
array of integers of integers

For any [N]¢"! array, there exists a wiring of depth
Nand O(1) crossings sorting the cube.

Proof sketch [Thompson-Kung, 1976].

Sort rows (alternating order) and columns log N times:

2 1241 46 47 49 56 61 65 66
97 94 89 60 57 55 52 19 17 13
42/91/85/74 10 4 1177 44 67
82/73/18/86 20 87 23 38 90 0
78 1354329 7 378414 5
7639 54 2221 9 15/48/51 26
79724096 6 2475 3 2780
58 31 45 98/50 25 8359 68 53
7028 69 3364 8 933299 16
30889236 63 71 34 81 95 62
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Drawing computation embeddings

Question

How many computation steps can one embed in a cube [N]¢?

Proposition (Cube wiring theorem)

An [N]*? Sorted array
array of integers of integers

For any [N]¢"! array, there exists a wiring of depth
Nand O(1) crossings sorting the cube.

Proof sketch [Thompson-Kung, 1976].

Sort rows (alternating order) and columns log N times:

2 1241 46 47 49 56 61 65 66
9794 89 60 57 55 5219 1713
4 10 11 42 44 67 74 77 85 91
90878682 73 38 23 20 18 0
1 57 142935374378 84
76 54 51 483926 22 21 15 9
36242740 72 7579 80 96
98/83/68/59 58 53 50 45 31 25
8 16 28 32 33 64 69 70 93 99
95/92/88/81 71 63 62 36 34 30

13/14



Drawing computation embeddings

Question

How many computation steps can one embed in a cube [N]¢?

Proposition (Cube wiring theorem)

An [N]*? Sorted array
array of integers of integers

For any [N]¢"! array, there exists a wiring of depth
Nand O(1) crossings sorting the cube.

Proof sketch [Thompson-Kung, 1976].

Sort rows (alternating order) and columns log N times:

2 1241 46 47 49 56 61 65 66
97 94 89 60 57 55 5219 1713
4 10114244 6774778591
90 878682 73 38 23 20 18 0
1 5 7 142935374378 84
76 54 51 483926 22 21 15 9
3 6242740 72 7579 80 96
98 836859 58 53 50 45 31 25
8 16 28 32 33 64 69 70 93 99
95 92/88/81 71 63 62 36 34 30
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Drawing computation embeddings

Question

How many computation steps can one embed in a cube [N]¢?

Proposition (Cube wiring theorem)

An [N]*? Sorted array

array of integers of integers

For any [N]¢"! array, there exists a wiring of depth
Nand O(1) crossings sorting the cube.

Proof sketch [Thompson-Kung, 1976].

Sort rows (alternating order) and columns log N times:

1 1241 46 47 49 56 61 65 66
2 9489 60 57 5552 19 1713
3 10 11 42 44 67 74 77 85 91
4 8786 827338232018 0
8 5 71429353743 7884
76 54 51 483926 22 21 15 9
90 6 2427 40 72 7579 80 96
95 836859 58 53 50 45 31 25
97 16/28/32 33 64 69 70 93 99
98 92/88/81 71 63 62 36 34 30
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Drawing computation embeddings

Question

How many computation steps can one embed in a cube [N]¢?

Proposition (Cube wiring theorem)

An [N]*? Sorted array
array of integers of integers

For any [N]¢"! array, there exists a wiring of depth
Nand O(1) crossings sorting the cube.

Proof sketch [Thompson-Kung, 1976].

Sort rows (alternating order) and columns log N times:

15 7142926221915 0
2 6 11273335232017 9
31024 32 39 383721 1813
4 1228 42 40 49 50 36 31 25
8 16 41 46 44 53 52 43 34 30
76 54 51 4847 5556 4565 66
90/83/68/59 57 63 62 61 78 84
95878660 58 64 69 70 80 91
97/92/88/81 71 67 74 77 85 96
98/94/89/8273/72/75/79 93 99
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Drawing computation embeddings

Question

How many computation steps can one embed in a cube [N]¢?

Proposition (Cube wiring theorem)

An [N]*? Sorted array
array of integers of integers

For any [N]¢"! array, there exists a wiring of depth
Nand O(1) crossings sorting the cube.

Proof sketch [Thompson-Kung, 1976].

Sort rows (alternating order) and columns log N times:

0 1 5 7 141519222629
35332723201711 9 6 2
3 101318 21 24 32 37 3839
5049 4240 36 31 28 2512 4
8 16 30 34 41 43 44 46 52 53
76 66 65 56 55 54 51 4847 45
5759 61 62 63 68788384 90
9591878680 70 69 64 60 58
67/71/74/77 81 85 88 92 96 97
99/98/94/93/89 8279 75 73 72
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Drawing computation embeddings

Question

How many computation steps can one embed in a cube [N]¢?

Proposition (Cube wiring theorem)

An [N]*? Sorted array

array of integers of integers

For any [N]¢"! array, there exists a wiring of depth
Nand O(1) crossings sorting the cube.

Proof sketch [Thompson-Kung, 1976].

Sort rows (alternating order) and columns log N times:

01571415119 6 2
3 1013182017192212 4
8 16 27 23 21 24 28 25 26 29
3533303436 31 32 37 38 39
5049 42 40 41 43 44 46 47 45
5759 61 56 55 54 51 485253
67,6665 62 63 68 69 64 60 58
76 7174 778070787573 /72
95918786 81 82 79 83 84 90
9998949389 85 88 92 96 97
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Drawing computation embeddings

Question

How many computation steps can one embed in a cube [N]¢?

Proposition (Cube wiring theorem)

An [N]*? Sorted array
array of integers of integers

For any [N]¢"! array, there exists a wiring of depth
Nand O(1) crossings sorting the cube.

Proof sketch [Thompson-Kung, 1976].
Sort rows (alternating order) and columns log N times:

0125679111415
221201918 171312110 4 3
8 16 21 23 24 25 26 27 2829
39/38/37/36/35 34 33 32 31 30
40414243 44 45 46 47 49 50
61595756 55 54 53 52 51 48
58 60 62 63 64 65 66 67 68 69
80/78/77/76/75 74 73 72 71 70
79 81 82 83 8486879091 95
99/98/97/96/94 93 9289 88 85
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Drawing computation embeddings

Question

How many computation steps can one embed in a cube [N]¢?

Proposition (Cube wiring theorem)

An [N]*? Sorted array
array of integers of integers

For any [N]¢"! array, there exists a wiring of depth
Nand O(1) crossings sorting the cube.

Proof sketch [Thompson-Kung, 1976].
Sort rows (alternating order) and columns log N times:

0125679104 3
8 161918 17131211 1415
22/20 21 23 24 25 26 27 28 29
39/38/37/36/35 34 33 32 31 30
4041424344 45 46 47 49 48
5859 57 56 55 54 5352|5150
61606263 64 6566 67 6869
79 78 7776 7574 /7372|7170
80/81/82/83/84 86 87 89 88 85
99/98/97/96 94 93 92 90 91 95
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Drawing computation embeddings

Question

How many computation steps can one embed in a cube [N]¢?

Proposition (Cube wiring theorem)

An [N]*? Sorted array
array of integers of integers

For any [N]¢"! array, there exists a wiring of depth
Nand O(1) crossings sorting the cube.

Proof sketch [Thompson-Kung, 1976].
Sort rows (alternating order) and columns log N times:

0/1/2/3/4/5/6/7/9/10
1918/1716 1514 1312111 8
20/21 22 23 24 25 26 27 28 29
39/38/37/36/35 34 33 32 31 30
4041424344 45 46 47 48 49
59 58 57 56 55 54 5352|5150
60616263 64 6566 67 6869
79 78 7776 7574 /7372|7170
80/81/82/83/84 85 86 87 88 89
99/98/97/96 95 94 93 92 91 90
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How many computation steps can one embed in a cube [N]¢?

Proposition (Cube wiring theorem)

An [N]*? Sorted array
array of integers of integers

For any [N]¢"! array, there exists a wiring of depth
Nand O(1) crossings sorting the cube.

Proof sketch [Thompson-Kung, 1976].
Sort rows (alternating order) and columns log N times:

0/1/2/3/4/5/6/7/9|8
1918/17/16 15 14 13 121110
20/21 22 23 24 25 26 27 28 29
39/38/37/36/35 34 33 32 31 30
4041424344 45 46 47 48 49
59 58 57 56 55 54 5352|5150
60616263 64 6566 67 6869
79 78 7776 7574 /7372|7170
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Drawing computation embeddings

Question

How many computation steps can one embed in a cube [N]¢?

Proposition (Cube wiring theorem)

An [N]*? Sorted array
array of integers of integers

For any [N]¢"! array, there exists a wiring of depth
Nand O(1) crossings sorting the cube.

Proof sketch [Thompson-Kung, 1976].
Sort rows (alternating order) and columns log N times:

0/1/2/3/4/5/6/7/8|9
1918/17/16 15 14 13 121110
20/21 22 23 24 25 26 27 28 29
39/38/37/36/35 34 33 32 31 30
4041424344 45 46 47 48 49
59 58 57 56 55 54 5352|5150
60616263 64 6566 67 6869
79 78 7776 7574 /7372|7170
80/81/82/83/84 85 86 87 88 89
99/98/97/96 95 94 93 92 91 90
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Drawing computation embeddings

Question

How many computation steps can one embed in a cube [N]4? = O (N4 1).

Proposition (Cube wiring theorem)
Proof sketch [Thompson-Kung, 1976].

Sort rows (alternating order) and columns log N times:

0123456789
1918/17/16 15 14 13 121110
20/21 22 23 24 25 26 27 28 29
39 3837 36 35 34 33 32 31 30
4041424344 45 46 47 48 49
59 58 57 56 55 54 5352|5150

An [N]*? Sorted array 60616263 64 6566 67 6869
array of integers of integers 7978 7776 75 74 73 72/71 70
80 81 82 83 84 85 86 87 88 89

For any [N]¢"! array, there exists a wiring of depth

Nand O(1) crossings sorting the cube. 99/98/97/96/95 94/93 92 91 90 =]
RAMimachines Proof (folklore).
> 32 variables var, var... Given a trace of computation in chronological order,
» An infinite memory (M[i]);cy. ... (address = 6,time = 15,READ, m); (address = 42,time = 16,READ,n) ...
Instructions: arithmetic operations on check its correctness by sorting it lexicographically:
variables, and memory 1/O. ...(address = 42, time = 3,WRITE, n); (address = 42, time = 16,READ,n)... [
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Conclusion

Sofic shifts generalize regular languages
to infinite and higher-dimensional words.

In this talk

Proving soficity by quantifying the information in infinite sequences of substitutions.

Remarks:
» Block sizes anywhere in the interval [2,20Z0)];
» Generalizes to rectangular substitutions;
» Generalizes to non-uniform substitutions.
Questions:
» How much computations can be embedded in a rectangle [n,, ..., ny4]?
» Generalization to other geometries (i.e. Cayley graphs of groups);
» Formalization of the O(n?!) argument.

O(n*)fora<d—1 O(n41) Q(nd1)

“Mostly sofic” /\ 1 /\ C

‘What happens here?

annot be sofic
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