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Shift spaces
Definition

A shift space on ℤ𝑑 is a set of colorings ℤ𝑑 → A (“configurations”) defined by forbidden patterns F:

𝑋F = {𝑥 ∈ Aℤ𝑑 ∶ ∀𝑤 ∈ F , 𝑤 does not appear in 𝑥}.

Example: F = { , , , , }
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A shift space on ℤ𝑑 is a set of colorings ℤ𝑑 → A (“configurations”) defined by forbidden patterns F:

𝑋F = {𝑥 ∈ Aℤ𝑑 ∶ ∀𝑤 ∈ F , 𝑤 does not appear in 𝑥}.

Definition (Sofic space,≃ 1973)

A shift space is sofic if it can be defined as the cell-by-cell projection of a local space.

F = { , , , , }

𝜋

𝜋( ) = , 𝜋( ) = 𝜋( ) =

2 / 14



Classifying shift spaces by computational expressive power
Definition

A shift space on ℤ𝑑 is a set of colorings ℤ𝑑 → A (“configurations”) defined by forbidden patterns F:

𝑋F = {𝑥 ∈ Aℤ𝑑 ∶ ∀𝑤 ∈ F , 𝑤 does not appear in 𝑥}.

Map of shiftland

Local

Finite type

Sofic

Effective

▶ Local: adjacency constraints

▶ Finite type: finite F ;

▶ Sofic: projection of local;

▶ Effective: computably enumerable F .

2 / 14



Shift spaces on ℤ
Shift space𝑋 ⊆ Aℤ Language 𝐿 ⊆ A∗

Local/finite type Local
Sofic Rational/regular
Effective Comp. co-enumerable

Example
The sunny-side-up𝑋 ⊆ { , }ℤ is sofic.

𝜋

Example
The space of all periods𝑋𝑝 ⊆ { , }ℤ is not sofic.

Lemma (Myhill-Nerode)

A shift space𝑋 ⊆ Aℤ is sofic if and only if it defines finitely many extender sets (i.e. “contexts”).

𝐿 = ∗ ∗

is regular.

𝐿 = { 𝑛 𝑛 ∶ 𝑛 ∈ ℕ}
is not regular.
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Soficity of shift spaces on ℤ𝑑: information bounds
Example
The mirror shift space is not sofic on ℤ𝑑 for any 𝑑 ∈ ℕ:

Pattern 𝑂(𝑛𝑑);
Border 𝑂(𝑛𝑑−1);

(folklore)

Intuition

Patterns of domain J𝑛K𝑑 in a sofic shift can only exchange 𝑂(𝑛𝑑−1) bits with their exterior.
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Soficity of shift spaces on ℤ𝑑: examples
▶ Substitutive shifts;
[Mozes, 1989]

▶ Seas of squares;

[Westrick, 2017]

▶ Extensions of effective ℤ shifts;
[Hochman, … 2009+]

↦ ↦ ↦ ↦ ↦

𝜏∶ ↦ , ↦
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Soficity of shift spaces on ℤ𝑑: examples
▶ Substitutive shifts;
[Mozes, 1989]

▶ Seas of squares (of Π0
1 sizes);

[Westrick, 2017]
▶ Extensions of effective ℤ shifts;
[Hochman, … 2009+]

Fact

All these shifts can be proved sofic on ℤ𝑑 (𝑑 ≥ 2) using the fixed point construction.
[Durand, Romashchenko & Shen, 2008+]
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Sofic realization of s-adic limit spaces by self-simulation



Substitutions
Definition

Given two alphabets A, B, and a zoom 𝑁 ∈ ℕ, a simulation
is an injective map

S ∶ AJ𝑁K𝑑 ⇉ B.

A simulation S induces a relation between configurations:

The inverse of
a substitution…
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Main statement
Definition

For a set of colors𝐶 ⊆ {0, 1}∗, aWang tile is some 𝑡 ∈ 𝐶2𝑑+1:

A set of tiles 𝑇 ⊆ 𝐶2𝑑+1 defines a local shift space𝑋𝑇.

Definition

Given two alphabetsA, B, and a zoom 𝑁 ∈ ℕ, a simulation
is an injective map

S ∶ AJ𝑁K𝑑 ⇉ B.

Theorem

Let (𝑋𝑇ℓ
)ℓ∈ℕ be a sequence of tiling spaces on colors (𝐶ℓ)ℓ∈ℕ and

Sℓ ∶ 𝑇
J𝑁ℓK𝑑

ℓ ⇉ 𝑇ℓ+1

be simulations between 𝑇ℓ and 𝑇ℓ+1. Denote 𝐿ℓ = ∏ℓ−1
𝑖=0 𝑁𝑖. If:

(i) All colors 𝑐 ∈ 𝐶ℓ+1 are of size 𝑂(𝐿𝛼
ℓ ) for some 𝛼 < 𝑑 − 1;

(ii) The simulations Sℓ are computable in time 𝑂(𝐿𝛼
ℓ );

(iii) 𝑁ℓ ∈ J2, 2𝑂(𝐿𝛿
ℓ )K for some 𝛿 < 𝑑−1

2 ;
then

{𝑥 ∈ 𝑋𝑇0
∶ 𝑥 = 𝑥0

S0
−→ 𝑥1

S1
−→ 𝑥2

S2
−→ …}

∈ 𝑋
𝑇0

∈ 𝑋
𝑇1

∈ 𝑋
𝑇2is a sofic shift.

An 𝑆-adic space…
Soficity: information
𝑜(𝑁𝑑−1) in cubes J𝑁K𝑑
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Example 1: seas of squares
Theorem

Let𝑋𝑇ℓ
be a sequence of tiling spaces on colors (𝐶ℓ)ℓ∈ℕ and

Sℓ ∶ 𝑇
J𝑁ℓK𝑑

ℓ ⇉ 𝑇ℓ+1

be simulations between𝑋𝑇ℓ
and𝑋𝑇ℓ+1

. Denote 𝐿ℓ = ∏ℓ−1
𝑖=0 𝑁𝑖. If:

(i) All colors 𝑐 ∈ 𝐶ℓ+1 are of size 𝑂(𝐿𝛼
ℓ ) for some 𝛼 < 𝑑 − 1;

(ii) The simulations Sℓ are computable in time 𝑂(𝐿𝛼
ℓ );

(iii) 𝑁ℓ ∈ J2, 2𝐿𝛿
ℓ K for some 𝛿 < 𝑑−1

2 ;
then

{𝑥 ∈ 𝑋𝑇0
∶ 𝑥 = 𝑥0

S0
−→ 𝑥1

S1
−→ 𝑥2

S2
−→ …}∈ 𝑋

𝑇0

∈ 𝑋
𝑇1

∈ 𝑋
𝑇2is a sofic shift.

𝑛

S𝑘 [1, 2, 3, 4, 5,
6, 17, 20]*

* Check the lengths against an enumeration of 𝑆.

Seas of squares: [Westrick, 2017]
For 𝑆 ⊆ ℕ a Π0

1-computable set,𝑋 draws
independent squares of sizes in 𝑆 over a
background.
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Example 2: density
Theorem

Let𝑋𝑇ℓ
be a sequence of tiling spaces on colors (𝐶ℓ)ℓ∈ℕ and

Sℓ ∶ 𝑇
J𝑁ℓK𝑑

ℓ ⇉ 𝑇ℓ+1

be simulations between𝑋𝑇ℓ
and𝑋𝑇ℓ+1

. Denote 𝐿ℓ = ∏ℓ−1
𝑖=0 𝑁𝑖. If:

(i) All colors 𝑐 ∈ 𝐶ℓ+1 are of size 𝑂(𝐿𝛼
ℓ ) for some 𝛼 < 𝑑 − 1;

(ii) The simulations Sℓ are computable in time 𝑂(𝐿𝛼
ℓ );

(iii) 𝑁ℓ ∈ J2, 2𝐿𝛿
ℓ K for some 𝛿 < 𝑑−1

2 ;
then

{𝑥 ∈ 𝑋𝑇0
∶ 𝑥 = 𝑥0

S0
−→ 𝑥1

S1
−→ 𝑥2

S2
−→ …}∈ 𝑋

𝑇0

∈ 𝑋
𝑇1

∈ 𝑋
𝑇2is a sofic shift.

𝑛

S𝑘

[(0,29), (1,15), (5,29),
(5,31), (6,4), (6,26),

(10,25), (11,25), (11,28),
(12,6), (14,3), (17,0),

(18,12), (18,28), (21,27),
(23,2), (24,5), (24,23),
(25,18), (26,6), (27,25),
(28,20), (30,10), (30,16),
(30,19), (31,6), (32,30)]*

* Check positions against an enumeration of F .

Density shifts: [Destombes, 2021]
𝑋 ⊆ { , }ℤ𝑑 effective such that patterns
of domain J𝑛K𝑑 contain 𝑂(𝑛𝛼) symbols
for some 𝛼 < 𝑑 − 1.
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Example 3: periodic extensions
Theorem

Let𝑋𝑇ℓ
be a sequence of tiling spaces on colors (𝐶ℓ)ℓ∈ℕ and

Sℓ ∶ 𝑇
J𝑁ℓK𝑑

ℓ ⇉ 𝑇ℓ+1

be simulations between𝑋𝑇ℓ
and𝑋𝑇ℓ+1

. Denote 𝐿ℓ = ∏ℓ−1
𝑖=0 𝑁𝑖. If:

(i) All colors 𝑐 ∈ 𝐶ℓ+1 are of size 𝑂(𝐿𝛼
ℓ ) for some 𝛼 < 𝑑 − 1;

(ii) The simulations Sℓ are computable in time 𝑂(𝐿𝛼
ℓ );

(iii) 𝑁ℓ ∈ J2, 2𝐿𝛿
ℓ K for some 𝛿 < 𝑑−1

2 ;
then

{𝑥 ∈ 𝑋𝑇0
∶ 𝑥 = 𝑥0

S0
−→ 𝑥1

S1
−→ 𝑥2

S2
−→ …}∈ 𝑋

𝑇0

∈ 𝑋
𝑇1

∈ 𝑋
𝑇2is a sofic shift.

𝑖 log𝑛

𝑛

S𝑘

*…

…

𝑖 + 2 mod 𝑛

𝑖 + 1 mod 𝑛

…

…

𝑖 + 1 mod 𝑛

𝑖 mod 𝑛

…

…

𝑖 mod 𝑛

𝑖 − 1 mod 𝑛

…

…

* Check middle patterns against an enumeration of F .

Periodic extensions: [DRS, 2010]
Given𝑋 ⊆ Aℤ𝑑 effective, the
configurations ofAℤ𝑑+1 repeating some
facet 𝑥 ∈ 𝑋 vertically.
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Proof outline

The fixpoint construction:
Define a sequence of tilesets (𝑇ℓ)ℓ as follows:

1. Encode the position of each tile in a block J𝑁ℓK𝑑

2. Some border tiles contain a bit 𝑏 ∈ {0, 1}: their
concatenation forms a macro-color 𝑐 ∈ {0, 1}∗;

3. Embed computations to “program” 𝑇ℓ+1;
role: check that a tuple of macro-colors emulates a tile of 𝑇ℓ+1

4. The programming of 𝑇ℓ+1 is required to build 𝑇ℓ:
solve this dependency by a fixed point argument!
🚨 This only works if computations have enough room to
terminate properly…
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Proof outline (more details)

Level ℓ

…

Level 𝑏 Level ℓ′

Level𝐵

New simulation hierarchy:
Assume we are given some level ℓ:

1. Each 𝑇ℓ-tile is involved in manymacro-tiles
(levels 𝑏 ≤ 𝑗 < 𝐵 for some 𝑏 > ℓ);

2. Tiles in 𝑇ℓ “pick” the next level of simulation ℓ′
(such that 𝑏 ≤ ℓ′ < 𝐵);

3. Macro-tiles resp. embed the simulation steps S𝑗
(for 𝑏 ≤ 𝑗 < 𝐵).
🚨 This only works if computations have enough room to
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Drawing computation embeddings
Question

Howmany computation steps can one embed in a cube J𝑁K𝑑?

⟹ 𝑂(𝑁𝑑−1).

Proposition (Cube wiring theorem)

Sorted array
of integers

An J𝑁K𝑑−1

array of integers

For any J𝑁K𝑑−1 array, there exists a wiring of depth
𝑁 and 𝑂(1) crossings sorting the cube.

Proof sketch [Thompson-Kung, 1976].
Sort rows (alternating order) and columns log𝑁 times:

RAMmachines
▶ 32 variables var0, var1…
▶ An infinite memory (M[𝑖])𝑖∈ℕ.

Instructions: arithmetic operations on
variables, and memory I/O.

Proof (folklore).
Given a trace of computation in chronological order,

…(address = 6, time = 15, READ,𝑚) ; (address = 42, time = 16, READ, 𝑛)…
check its correctness by sorting it lexicographically:

…(address = 42, time = 3, WRITE, 𝑛) ; (address = 42, time = 16, READ, 𝑛)…
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39 38 37 36 35 34 33 32 31 30
20 21 22 23 24 25 26 27 28 29
19 18 17 16 15 14 13 12 11 10
0 1 2 3 4 5 6 7 8 9

RAMmachines
▶ 32 variables var0, var1…
▶ An infinite memory (M[𝑖])𝑖∈ℕ.

Instructions: arithmetic operations on
variables, and memory I/O.

Proof (folklore).
Given a trace of computation in chronological order,

…(address = 6, time = 15, READ,𝑚) ; (address = 42, time = 16, READ, 𝑛)…
check its correctness by sorting it lexicographically:

…(address = 42, time = 3, WRITE, 𝑛) ; (address = 42, time = 16, READ, 𝑛)…
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Conclusion

Sofic shifts generalize regular languages
to infinite and higher-dimensional words.

In this talk

Proving soficity by quantifying the information in infinite sequences of substitutions.

Remarks:
▶ Block sizes anywhere in the interval J2, 2𝑂(𝐿𝛿

ℓ )K;
▶ Generalizes to rectangular substitutions;
▶ Generalizes to non-uniform substitutions.

Questions:
▶ How much computations can be embedded in a rectangle J𝑛1,… , 𝑛𝑑K?
▶ Generalization to other geometries (i.e. Cayley graphs of groups);
▶ Formalization of the 𝑂(𝑛𝑑−1) argument.

𝑂(𝑛𝑑−1)

What happens here?

Ω(𝑛𝑑−1)

Cannot be sofic

𝑂(𝑛𝛼) for 𝛼 < 𝑑 − 1

“Mostly sofic”
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